In this paper, we propose a three-component Camassa-Holm (3CH) system with cubic nonlinearity and peakons. The 3CH model is proven integrable in the sense of Lax pair, Hamiltonian structure, and conservation laws. We show that this system admits peaked soliton (peakon) and multi-peakon solutions. Additionally, reductions of the 3CH system are investigated so that a new integrable perturbed CH equation with cubic nonlinearity is generated to possess peakon solutions. 
Introduction
In the past two decades, the Camassa-Holm (CH) equation [1] m t − 2mu x − m x u = 0, m = u − u xx + k,
with k being an arbitrary constant, derived by Camassa and Holm [1] as a shallow water wave model, has attracted much attention in the theory of soliton and integrable system. The CH equation was first included in the work of Fuchssteiner and Fokas on hereditary symmetries as a very special case [2] . Since the work of Camassa and Holm [1] , more diverse studies on this equation have remarkably been developed [3] - [13] . The most interesting feature of the CH equation (1) is admitting peaked soliton (peakon) solutions in the case of k = 0. A peakon is a kind of weak solution in some Sobolev space with corner at its crest. The stability and interaction of peakons were discussed in several references [14] - [18] .
As extension of the CH peakon equation, other integrable peakon models have also been found, such as the Degasperis-Procesi (DP) equation [19, 20] m t + 3mu x + m x u = 0, m = u − u xx ,
the cubic nonlinear peakon equation [4, 21, 22, 23] 
and the Novikov's cubic nonlinear equation [24, 25] m t = u 2 m x + 3uu x m, m = u − u xx .
Then, a naturally interesting theme is to study integrable multi-component peakon equations. For example, in [4, 26, 27, 28] the authors proposed the two-component generalizations of the CH equation. In [29] - [32] , the two-component extensions of the cubic nonlinear equations (3) and (4) were investigated, and while in [33, 34, 35] , the three-component extensions of CH equation are derived.
In this paper, we propose the following three-component system 
Apparently, this system is reduced to the CH equation (1) and the cubic nonlinear CH equation (3) as u 11 = 0, u 21 = 2 and u 12 = u 21 = 0. Therefore, it is a three-component formation based on the CH equation (1) and the cubic nonlinear CH equation (3), and we may call equation (5) the 3CH model. We show that the 3CH system is Hamiltonian and possesses a Lax pair and infinitely many conservation laws. Furthermore, this three-component system admits the single peakon of traveling wave type as well as multi-peakon solutions. Additionally, we pay attention to the reductions of the 3CH system so that a new integrable perturbed CH equation with cubic nonlinearity is generated to possess peakon solutions. The whole paper is organized as follows. In section 2, a Lax pair, Hamiltonian structure, and conservation laws of equation (5) are presented. In section 3, the single-peakon and multipeakon solutions of equation (5) 
Lax pair, Hamiltonian form and conservation laws
Let us first introduce the sl(2) valued matrices u and m as follows:
Using this notation, equation (5) can be expressed in a nice matrix equation form
where u and m are two sl(2) matrices (6).
We consider a pair of linear spectral problems
where λ is a spectral parameter, I 2 is the 2 × 2 identity matrix, and u and m are sl(2) valued matrices (6) . The compatibility condition of (8) generates
It is easy to check J is skew-symmetric. By direct but tedious calculations, we can prove the Jacobi identity
where
Thus J is Hamiltonian operator.
Proposition 1 Equation (5) can be rewritten as a Hamiltonian form
where J is given by (11) , and
Next let us construct the conservation laws of equation (5) with the method developed in [37, 38] . We consider
1 , then we may check that Ω satisfies the following matrix Riccati equation
From the compatibility condition of (17), we arrive at the conservation law
where tr(A) denotes the trace of a matrix A.
Substituting the expressions U ij and V ij , 1 ≤ i, j ≤ 2, given by (9) into (18) and (19), we immediately obtain the Riccati equation and conservation law for our equation (5)
Equation (21) shows that tr(mΩ) is a generating function of the conserved densities. To derive the explicit forms of conserved densities, we expand mΩ in terms of negative powers of λ as below:
Substituting (22) into (20) and equating the coefficients of powers of λ, we arrive at
Inserting (22) and (23) into (21), we finally obtain the following infinitely many conserved densities ρ j and the associated fluxes F j :
where ω j is given by (23).
Peakon solutions
Let us suppose the single peakon solution of (5) as the following form
where the constants c 11 , c 12 and c 21 are to be determined. The first order derivatives of u 11 ,u 12 and u 21 do not exist at x = ct. Thus (25) can not be a solution of equation (5) in the classical sense. However, with the help of distribution theory we have
Substituting (25) and (26) into (5) and integrating in the distribution sense, one can see that t| .
In general, we assume N -peakon solution has the following form
In the distribution sense, we have
Substituting (29) and (30) into (5) and integrating through test functions with compact support, we obtain the N -peakon dynamic system as follows:
We still do not know whether this system is integrable for N ≥ 2 under a Poisson structure.
Reductions and a new integrable perturbation equation
As mentioned above, system (5) can be reduced to the CH equation (1) and the cubic nonlinear CH equation (3) as u 11 = 0, u 21 = 2 and u 12 = u 21 = 0. Now we discuss the two-component reductions of system (5).
Example 1. The integrable two-component system proposed in [30] As u 11 = 0, equation (5) is reduced to the two-component equation (32) which is exactly the system we derived in [30] . For the bi-Hamiltonian structure and peakon solutions of this system, one may see [30] .
Example 2. The integrable two-component system presented in [36] As u 12 = u 21 , equation (5) is reduced to a two-component equation
which was proposed by Qu, Song and Yao in [36] . Here in our paper, we want to derive the peakon solutions to this system. Suppose N -peakon solution of (33) as the form
From (31) and the reduction condition u 12 = u 21 , we immediately arrive at the N -peakon dynamic system of (33):
For N = 1, we find the single-peakon solution reads 
where c 1 and c 2 are integration constants. For N = 2, we may solve (35) as
where A 1 , · · · , A 4 are integration constants. It is interesting that the amplitudes are periodic.
In particular, letting
, we obtain the two-peakon solution of (33)
with
The two-peakon collides at t = 0, since q 1 (0) = q 2 (0) = 0. See Figures 1 and 2 for the two-peakon dynamics of the potentials u 11 (x, t) and u 12 (x, t).
Example 3. A new integrable perturbation of the cubic nonlinear CH equation
As u 12 = 0, equation (5) is cast into
This equation is different from the standard perturbation of the cubic nonlinear CH equation equation (41) does not admit the peakon solution in the form of u 21 = p(t)e −|x−q(t)| . However, we find that our new perturbation equation (40) admits peakon solutions. In fact, suppose N -peakon solution of (40) as the form
we obtain the N -peakon dynamic system of (40) as follows:
For N = 1, we find the single-peakon solution takes the form
where c 21 is an arbitrary constant.
For N = 2, (43) becomes
From the first equation of (45), we obtain
where A 1 and A 2 are integration constants. Let us set 0 < A 1 < A 2 . Then from (45), we arrive at
where A 3 and A 4 are integration constants. In particular, taking A 1 = −A 3 = 1, A 2 = 2 and A 4 = 0, we obtain the two-peakon solution of (40) u 11 = e −|x−q 1 (t)| + 2e −|x−q 2 (t)| , u 21 = e −|t| e −|x−q 1 (t)| + (2e −|t| + 1)e −|x−q 2 (t)| ,
with q 1 (t) = − 1 3 t + 2sgn(t) e −|t| − 1 , q 2 (t) = − 4 3 t + 2sgn(t) e −|t| − 1 .
This two-peakon collides at the moment of t = 0, since q 1 (0) = q 2 (0) = 0. See Figures 3 and 4 for the two-peakon dynamics of the potentials u 11 (x, t) and u 21 (x, t).
Conclusions and discussions
We have presented an integrable 3CH peakon system with cubic nonlinearity. The Lax representation, Hamiltonian structure and infinitely many conservation laws of this system are investigated. We also discuss the reductions of this system, in particular, by a reduction we found a new integrable perturbation of cubic nonlinear CH equation. Different from the standard perturbation of the cubic nonlinear CH equation, this new integrable perturbation of cubic nonlinear CH equation admits peakon solutions. 
